Introduction
The N&on-Severi group NS(X) of a nonsingular projective variety X is defined as the group of divisors on X modulo algebraic equivalence; it is a finitely generated group. The rank p(X) of NS(X) is called the Picard number of X.
There are no general methods by which one can compute the Picard number of a given variety, even if we work over the field of complex numbers in which case the N&on-Severi group can be described as the space of rational cohomology classes that are of type (1, 1). Because p(X) is not a birational invariant it can be useful to consider the Lefschetz number A(X) := b?(X) -p(X); this is a birational invariant and therefore its definition extends to singular surfaces.
which, among other things, the Picard number of a Fermat variety can be computed. Using this result, Shioda has given in [12] an explicit algorithm to compute the Lefschetz number of a Delsarte surface. For nonsingular Delsarte surfaces the Picard number can be computed directly from this. We will give a slight correction to a formula that Shioda gives as a special case of his algorithm.
In the rest of this article we will consider families of algebraic varieties. In such a family one can try to find an upper bound for the generic Picard number by looking at the classes that are infinitesimally fixed. This becomes particularly effective if we have a good knowledge of the N&on-Severi group of one of the fibres. In Section 3 we start with an example in which one of the fibres is the Fermat surface of degree 5; the result confirms a guess stated by Shioda in [9] . The idea for treating this example in this way comes from A. de Jong and J. Steenbrink-in their paper [4] a similar approach is used in a somewhat different context.
From the first example we derive two other examples of families of algebraic surfaces for which the generic Picard number can be computed.
A review of some results of Soda
We begin by recalling from . Res,(R,).
We will describe some of Shioda' 
Statements
(iii) and (iv) now follow from [ll, Section 3, Lemma] . 0
Using this theorem we can calculate for instance the dimension of the space of Hodge cycles H2(X:1, Q) n H'.'(X~, , @)-this dimension is the Picard number p(XE,) of Xz,. In fact. Aoki and Shioda have proved a formula for p(Xz,), cf. [l] and [lo] .
As an example let us compute the Picard number of the Fermat surface of degree 5; using (iii) we have: p(Xz) = #B : + 1. Now the 44 elements of &:
having ((~1 = 2 are represented by the 4-tuples (a,,, a,, a2, a3) with ai E {1,2,3,4} and a, + a, + a2 + a3 = 10. Then 4 * LY is represented by (5 -a,,, 5 -a,, 5 -u2, 5 -a,), so (4. a 1 = 2 and to check whether (Y E %I: it suffices to calculate 12. a 1. defined by an equation
Moreover
where the coefficients aij, put together in a 4 x 4 matrix A = (a,) satisfy
there is an i E {1,2,3,4} such that aji = 0. Such a surface X, is called the Delsarte surface with matrix A. For these kind of surfaces Shioda has given in [12] an algorithm for computing the Lefschetz number h(X,).
Recall that this number is defined as b2 ( For the proof we refer to [12] -is not hard to see that our formulation is equivalent to the formulation that Shioda gives.
Remark. Shioda states his theorem for Delsarte surfaces over any field k-we do not need the result in that generality here.
In some cases we can give a more explicit formula for h(X,). However, the formula that Shioda states [12, Corollary 21 For s E S we take the induced map on the fibres and using the fact that a;.,, @C = T,(S)" we obtain the map u . p,y That this indeed describes the same map is proved in [5] .
As in [2, Section 3(a)], we define CT of s, then h, E 9&(X,) for all t E U. In particular, if we define 9& to be the largest local subsystem of R2'f*Q having the property that 9G,,V C B&(X,) for all s E S, then in fact we have that 9&,5 = B&(X,) for a point
SES-lJ,&
The examples in the following section are mainly based on the following proposition:
Proposition 4. In the above situation, let s E S -U, 2; and let sC, E S be any point.
Then dim,(B3(XS)) 5 dim(~3(X,,,) n H?(Xso, C)) .
Proof. To see this, let s"+ S be the universal covering of S, then it suffices to prove the statement for the pullback-family X xs s"+ s", so we can assume that S is simply connected.
In this case the sheaf R2"f .Z, is globally constant on S so if we have a Hodge class h, E LB&(X,) we can extend it to a global section h of (a,,, a,, a,, a,)E~:forwhichlal=q+landa,+2a,+3a,~O(mod5).Itisan easy verification that this set is empty if q = 0 or q = 2 and has eight elements if q = 1, hence the lemma. 0
From this lemma we immediately obtain a lower bound for the Picard number of the surfaces X,5: since the Q-Hodge structure H'(Y,, Q) can be regarded as a Q-sub-Hodge structure of H'(X,, CD) we have p(X,) 29 for any s E S and therefore also pgrn 2 9 if pgen is the generic Picard number of the family we are considering.
We are going to prove that the generic Picard number in the family X/S equals 9. To do this we apply Proposition 4 where we take for the point s,, the point s(, = (0, . . ,O) E S, corresponding to the fibre X,, = X:. We know that the decomposition into spaces V(a) is already defined over Q( &), so to determine dim&s b n Hf.';(X,,, @)) we have to take the action of the Galois group T'"' . T,,T;T,, . . , T'"' . TiT:T,. If the eight induced elements of !)i" all are zero (that is, if in each of these eight monomials there is a T, with exponential 24) then wCY is infinitesimally fixed, otherwise it is not.
In the first example of Section 1 we already described the set 3';; the remaining calculations are very simple and we find that 4 = {(I, 4,4, I), (2,3,3,2>, (3,2,2,3) , (4,1, I, 4),
(1,2,3,4), (2,4,1,3), (3,1,4,2), (4,3,2, I)> .
Together with Proposition 4 and the fact that fgen 2 9 it follows that the generic Picard number equals 9. This confirms Shioda's guess stated in [9, p. 3161 . Now let us prove (1): Because the spaces V(a) for a E 331 are one-dimensional we can assume that the classes wu are normalised in such a way that w, E H'(X:, Q( &)) and that t. wa = w,, for all t E (Z /5)*. We can split the set 3: into orbits under the action of (Z/5)*. Any orbit consists of four elements and we will take a fixed order in each orbit. Now take an orbit 0 = {(Y, , a2, a3, a,}. The elements are in %h,<,(X:) and the collection is a Q-basis for Bb,,(X:).
Statement (1) T,,, . . . , T,l+ ,] 'I. This completes the proof that the generic Picard number in the family X/S equals 9.
3.2. For the second example we take the restriction of the family X/S to the base space RCS defined by s,=s3=s4= ss = s, = s8 = 0. This gives a 2-parameter family g : X,<* R of nonsingular surfaces defined by the equation
Tz + T; + TG + Tz + r,,T,,T;T2 + r, TiT, Tf = 0.
There is an involution L defined by (T,, : T, : T, : T3) -( T2 : T, : T,, : T3) and the restriction of L to a fibre X, will be denoted by L,. Let 9k(X/S) be the largest local subsystem of R2f,Qx that is of type (1, 1) at every point of S and similarly let 9:(X,/R) be the largest local subsystem of R2g,QxK that is of type (1,1) at every point of R. Clearly s&(X/S)IR c 9:(X,/R). On the other hand, it is clear that 9:(X,/R) is stable under the action of +I on the local system RZg,QxR.
Again we consider the fibre X: = X,,; we proved in (3.1) that where u,, is the class of a hyperplane section of X:. The action of L on Hi(X:, C)
is described by u0 H u,) and w(," n, a2 a3j ++ -w~,~ a, au 0'3j (remark that L,,
. , From this it follows that where P,. = (1 : 0 : -1 : 0). If we blow up the points Pr then we obtain a family g" : X, -+ R and the involution L lifts to an involution ion X,. The fixedpoint-locus of < is fi, U Er, here l?;T, is the strict transform of H,. and this isomorphism induces a bijection between the spaces of rational infinitesimally fixed classes Hf,,,(Y,, 0) and Hf,,(X,, Q!)'. Let E, be the class of E,. Since F, and U, are clearly L-invariant we find that
In a similar way as before we define local systems 9 h(x/U) = Q f F CD 6$(x/ R)I, and 9h(Y/U). Then (1, L} acts on 9h(x/U) and 9b(Y/U)= 9h(X/U)'. We already know that Let us look again at the table in 3.2. Corresponding to an orbit 0; = orbit i = a19 ff2, ff3, a4 there is a space V(i) := V(a,)CB V(cq)CE V(q) @ V(q) and in 3.1 we described a Q-basis {qo, q,, va, q3} for V(i). The numbering in the table is chosen in such a way that L interchanges V(1) and V(2), V(3) and V(4), V(5) and V(6), V(7) and V(S) and acts as -1 on V(9). We can assume that the basis elements q,(i) are numbered and chosen such that ~(_rl~(i)) = -v,(i + 1) for j E (0, 1,2,3} and i E {1,3,5,7}.
Then a Q-basis of %'h(X,,)' is formed by u,, and E() together with the 16 elements qj(i) -'lj(i + l), j E (0, 1,2,3}, i E (1, 3, 5, 7). It follows that the K3-surface Y, has Picard number 18. Furthermore, since it follows that a Q-basis of 9 b( Y/ U), is given by u,, and Em together with the eight elements ~~(1) -q,,(2), . . . 7 773(l) -773(2)> Q(3) -rl0(4)> . . . > 773(3) -773(4), so the dimension of the local system 9k(YIU) is 10. This proves that the generic Picard number in the 2-parameter family of K3-surfaces Y/U is equal to 10.
